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ABSTRACT: According to Bourdeau (1986), diffusion of stresses in a granular medium can be 
described using a probabilistic approach. A point load applied on the surface of a granular media will 
follow an erratic path, depending on the probability of transition between the grains. The diffusion of the 
expected vertical stress in the granular medium can be described by a Fokker-Planck type equation. In 
terms of expected vertical stresses, an equation of diffusion is obtained and the parameter of diffusion is 
shown to approximate the coefficient of lateral pressure of the material at a given depth z. The coefficient 
of lateral pressure of the material can be expressed in terms of intervals with upper and lower values to 
account for uncertainty.
In the present approach, we propose to solve the diffusion equation using interval-based parameters 
to account for uncertainty. Uncertain parameters are considered as discretized fuzzy numbers; they are 
combined with finite difference method to solve the diffusion equation. Comparisons are made with 
experimental and available data.
proposed a formulation in terms of displacements 
diffusion in loose cohensionless granular medium.
We revisited the formulation in terms of stress 
diffusion to account for parameter uncertainty 
using intervals which can be combined and 
expressed also as fuzzy discretized numbers. A 
numerical approach based on finite difference 
method is combined with interval-based param-
eters to simulate diffusion of stresses in granu-
lar media. Interval-based parameters are used to 
account for uncertainty and comparisons are made 
with experimental data. The aim of this research is 
to study parameter uncertainty and its quantifica-
tion in the context of stress diffusion in a granular 
medium.
2 DIFFUSION OF STRESSES IN A 
GRANULAR MEDIUM
Diffusion of stresses in soils is a fundamental 
aspect of soil mechanics. It is observed in all soil-
structure interaction problems as a consequence of 
applied loads. Harr (1977) build a model for stress 
diffusion in a granular medium based on the idea 
of expected stress distribution at a point. A unit 
force applied on the surface will follow a random 
path between the grains. The vertical normal stress 
acting at a point within a medium is the total accu-
mulated effect of many random variables; shape 
and distribution of particles, the spatial distribu-
tion of voids as well as their local configurations. 
1 INTRODUCTION
Diffusion of stresses in granular media is a phe-
nomenon that provokes rearrangement in grains 
and thus settlements. Soils as granular media are 
constituted of an assembly of particles of different 
sizes, mineralogy and morphologies. The particle 
sizes vary from less than 0.002 mm in clays to some 
tens of millimeters in gravel materials. Despite their 
granular aspect, they are considered, from the soil 
mechanics viewpoint, as a continuum. Theories of 
continuous media are often applied to model the 
behavior of cohesive materials such as clays. Cohe-
sionless soils behavior on the other hand is diffi-
cult to capture using continuum approaches. Their 
granular aspect, especially when they are in loose 
states, makes their behavior complex to predict 
using conventional theories of continuum media.
Harr (1977) proposed an approach to estimate 
the expected vertical stress in a granular medium 
subjected to surficial loading. A concentrated load 
applied on the surface of a semi-infinite ground 
will follow an uncertain path between the grains. 
The resulting stress in one point is a random vari-
able. Its distribution will reflect the composition of 
the media. Following a binomial law of diffusion 
on one side or the other given a reference mark, the 
transmission of the load in the granular medium 
will be expressed as an equation of diffusion of 
stresses. The main parameter characterizing the 
equation is the coefficient of lateral pressure in 
soils. Bourdeau (1986) extended this approach and 
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The central limit theorem assures that the distri-
bution of stress will converge to the normal distri-
bution as the number of particles becomes large 
(Harr, 1977).
In Figure 1 is shown, schematically, the transmis-
sion of vertical forces between particles. The effect 
of the boundary force will spread laterally in the 
positive and negative directions. At a representative 
particle, the input stress can be taken to divide in 
the left and right directions consistent with a Ber-
noulli trial. The division of stresses is expected to 
be equal. For a random distribution the frequency 
of moving to the left is the same as moving to the 
right. Figure  2 shows the distribution of stresses 
within a homogeneous random medium. If ∆x  is 
the average spacing of the stresses at row, with the 
rows taken to be ∆z  apart, the expected stress will 
follow a binomial distribution with the recurrence 
equations (Harr, 1977):
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In the limit as ∆x and ∆z  become very small, 
the equation can be expressed as a differential one:
Figure 1. Transmission of vertical forces.
Figure  2. Unit stress distribution in terms of 
probabilities.
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2  is seen to reflect a characteristic 
of the particulate medium. Harr (1977) has shown 
that (D  =  v.z) is dependent on the depth z and 
the coefficient of lateral stress v. The author also 
showed that v can be approximated by the coeffi-
cient of earth pressure at rest K (using Jaky’s for-
mula for example).
Equation (3) is an equation of diffusion of 
expected vertical stresses in a granular media, with 
D the parameter of characterization.
The main objective of our research is to study 
the variability of the coefficient D and its influence 
on the diffusion of stresses in a granular medium. 
Uncertainty analysis will be carried out based on 
interval analysis and fuzzy representations of D. 
Different sources of information are used to con-
sider the coefficient of diffusion.
2.1 Uncertainty in the diffusion coefficient
Uncertainties in geotechnics are generally classified 
into two categories, “epistemic” related to lack of 
data or knowledge and “aleatory” related to natu-
ral randomness (Baecher & Christian, 2003). The 
diffusion parameter D is subjected to epistemic 
uncertainties which have influence on the diffusion 
process in the granular medium. The main sources 
of uncertainty of D come from evaluation of lat-
eral pressure coefficient K as = K z. .  In situ and 
laboratory measures are used to evaluate lateral 
pressure coefficient in soils via empirical relations 
(Jaky’s formula for example). Empirical correla-
tions combining Jaky’s formula ( sin )1− ′ϕ  with 
OCR from laboratory are also used to determine 
the lateral pressure coefficient at rest K0 (Cai et al. 
2011). When experimental results are given in terms 
of intervals the average values are generally used.
Figure 3 shows variation of lateral earth pres-
sure based on different tests (Chen & Fang, 2008). 
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Chen & Fang (2008) studied variation of lateral 
earth pressure in a block of sand. They presented 
experimental data on the variation of lateral earth 
pressure against a non-yielding retaining wall due 
to soil filling and vibratory compaction.
Schmertmann et al. (2005) used a K-Box device 
to describe stress diffusion in sand under a surface 
circular plate loading. The experiment intended to 
improve understanding of stress distribution in a 
particulate medium. Comparisons were made with 
obtained stresses from the probabilistic approach 
(Harr 1977). According to the authors the particu-
late-probabilistic theory seems approximately cor-
rect when K Ka= .
As we can observe, uncertainties are inherent to 
the testing method, in other terms using interval 
values can be suitable to handle the perturbations. 
Intervals are often used as a tool to handle uncer-
tainties which arise during experiments. In differ-
ent types of tests uncertainties propagate during 
measuring procedures and from the use of dif-
ferent devices. Using Jaky’s Formula for example 
uncertainty lies essentially in measuring the mate-
rial angle of friction ′ϕ .  Whatever the techniques 
used for measuring such a parameter, there are 
uncertainties to consider.
3 FORMULATION OF INTERVAL-BASED 
PARAMETERS FOR DIFFUSION
Interval analysis was introduced by Moore (1966) 
and is considered as a mathematical discipline that 
deals with quantities expressed as intervals which 
are common in engineering problems. Intervals are 
a convenient tool to deal with uncertainty when 
there is lack of data. As probabilistic approaches 
require important amounts of data, when in geo-
technics information is scarce and small data avail-
able in general, the use of interval analysis could 
be of interest. In practice, it may be difficult some-
time to get a large number of experimental data so 
we need an alternative method in which we may 
handle the uncertainty with few experimental data. 
In our problem, the diffusion parameter D will be 
considered as interval-based. Applied pressure on 
the ground can also be considered as an uncertain 
parameter expressed in terms of interval.
Finite difference schemes are usually applied 
to solve the type of diffusion equation we have in 
our case. We can either use a forward or backward 
scheme to solve it when dealing with deterministic 
values of the parameter D.
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2
where
D K z= .
( For simplicity we use S instead of Sz)
In finite difference method, the forward scheme 
can be expressed by:
S S Kz
z
x
S S Sji ji i ji ji ji+ + −= +
∆
∆
− +( )1 2 1 12( )  (4)
Index i is used in z direction and j in x direction.
The formulation of the problem to deal with 
interval valued parameters is conducted follow-
ing interval arithmetic and rules. In Moore et al. 
(2009), Hanss (2005) we can find more details on 
derivation and application of interval arithmetic.
3.1 Reminder on intervals
Interval valued approach gained significant use in 
engineering especially when information is uncer-
Figure  3. Distribution of horizontal earth pressure 
against model wall (Cheng & Fang, 2008).
Figure 4. Scheme and Boundary Conditions.
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tain. Studies were conducted in different fields, such 
as thermal conductivity to account for uncertainty 
using interval approaches and fuzzy sets (Wang 
2014). Wang (2014) proposed a new numerical 
technique named as fuzzy finite difference method 
to solve the heat conduction problems with fuzzy 
uncertainties in both the physical parameters and 
initial/boundary conditions. The α level-cut method 
is used to study the problem in terms of interval 
equations. Kermani & Saburi (2007) presented a 
numerical method for solving “Fuzzy Partial Differ-
ential Equation’’ (FPDE) with some examples.
In soil mechanics the solutions for stress diffusion 
are based on continuum mechanics which considers 
the media as a continuum. Even constituted of par-
ticles, the granular aspect of the soil is not consid-
ered. The probabilistic approach from Harr (1977) 
considers the soil as a particulate media. The diffu-
sion equation (1) is used with a parameter of diffu-
sion D as a deterministic value. Deterministic values 
of D are not common, but we tend to use approxi-
mations. In the following the equation of diffusion 
of stresses in a granular medium will be considered 
in terms of intervals. The parameter of diffusion D 
and initial/boundary conditions are taken as inter-
vals to account for uncertainty.
Using S,  equation (3) can be written in terms 
of intervals as follows;
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S  is replaced by SIα .  We notice SIα  for a given 
interval I of  α level. S Sα α( ) ( ),  are the lower and 
upper values of the interval at α level
∂
∂
=
∂ ( ) ( ) 
∂
∂
∂
=
−
∆
+
S
z
S S
z
S
z
S S
z
I I i I i
α α
α α α
,
. .1
 (6)
∂
∂
=
∂
∂
=
− +
∆( )
+ −
2
2
2
2
1 1
2
2S
x
S
x
S S S
x
I
j
I
j
I
j
I
α α α α, , ,  (7)
Then the forward scheme of finite difference 
approach using interval-based parameters can be 
written;
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where
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α level cuts are used to characterize a fuzzy 
number.
A triangular fuzzy number, denoted by 
u a b c= , ,  where a b c≤ ≤  has α-cuts
u a b a c c b[ ] = + −( ) − −( )  ∈ [ ]α α α α, , ,0 1
And membership function
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Elementary operations of interval arithmetic 
are used (Hanss, 2005).
a b a b a a b b
a b a b a b b a
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4 CASE STUDY
Turedi and Ornek (2017) performed laboratory 
experiment on sand to investigate the stress and 
bearing capacity. The vertical stresses resulting 
from strip and rectangular footings are measured 
at different depths of the tank model of dimen-
sions 1.25m length, 1.0 m width and 1.0 m depth. 
The loading is considered under a model footing 
of B = 0.1 m breadth and L = 5B length. The meas-
ured average peak friction angles ′ϕ  were 36° and 
42° for loose and dense sands, respectively. The 
results of measured vertical stress (kPa) are given 
in Figure 5.
The model was calibrated using the results from 
Turedi and Ornek (2017). Figure 6 shows the ver-
tical stress distribution using the probabilistic 
approach when we consider a deterministic diffu-
sion parameter D K z= . .  Jaky’s formula is used, 
K = − ′1 sin .ϕ  As the experiment was performed 
in loose sand we used for our simulation ′ = °ϕ 36  
as given by the authors.
The purpose of our study is to take into account 
uncertainties using interval-valued parameters. The 
proposed model permits to consider the parameter 
of diffusion D in terms of intervals, or as triangu-
lar fuzzy number. The loading on the surface can 
be taken into account as interval also.
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Figure 7 shows distribution of vertical stress at 
α cut levels; α α α0 0 1 1 3 2 2 3= = =, / , /  and α3 1= .
Parameter D being dependent on depth, it is 
noticed that uncertainty is more pronounced with 
z increasing. Uncertain parameter of diffusion has 
important impact on stress distribution, especially 
at deeper levels. The observed dispersion suggests 
that using deterministic values for D gives only 
an approximation of the stress. It can underesti-
mate or overestimate the real level of stress in the 
medium. Using interval values for the diffusion 
parameter helps estimating the evolution of stress 
spreading with depth.
One can also consider uncertainty in the load-
ing using intervals for the surficial charge q. Influ-
ence of interval values of q is shown in Figure 8 
for q kPa, kPa=   = [ ]q q, .38 40  The parameter 
of diffusion is kept point valued in this case with 
K = 0.38.
Figure  5. Vertical stress distribution along the depth 
at different loading levels (Experiment Turedi & Ornek, 
2017).
Figure  6. Vertical stress distribution along the depth 
at different loading levels (Probabilistic approach, K = 1 
- sinϕ’).
Considering ranges of values for the coefficient 
of lateral pressure K around the friction angle of 
sand ′ϕ ,  the used interval values of K are given 
at different α level cuts. The applied load is taken 
as point valued q = 40 kPa. The triangular fuzzy 
number for K can be written in terms of intervals 
at level α, K[ ] = + −[ ]α α α0 35 0 03 0 41 0 03. . , . . .
And the membership function is given as
µK x
x
if x
x
if x
other
( ) =
−
≤ ≤
−
≤ ≤
0 35
0 03
0 35 0 38
0 41
0 03
0 38 0 41
0
.
.
. .
.
.
. .
wise





Figure 7. Vertical stress distribution under axis for dif-
ferent level cuts of K.
Figure  8. Vertical stress distribution under axis for 
inter-val surficial pressure q q, .[ ]
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such a scheme for interval analysis is not straight 
forward as it obeys number of specific conditions. 
It was shown that uncertainty in the diffusion 
parameter affects significantly the distribution of 
vertical stress in the granular medium. And, when 
combined with the uncertainty from surficial pres-
sure the stress distribution shows more dispersion 
with depth. Interval valued parameters are suitable 
when dealing with lack of data and uncertainty.
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Figure 9. Vertical stress distribution for inter-val surfi-
cial pressure q q,[ ] and interval coefficient K K, .[ ]
The uncertainty on the load has effect on the 
distribution as the diffusion shows the vertical 
stress evolving as an interval from the surface, and 
it continues with the depth. It is slightly augmented 
for z deeper than half  of the domain.
Combination of uncertainty due to K and q has 
higher effect on the evolution of uncertainty in ver-
tical stress as it is illustrated in Figure 9. The surfi-
cial pressure is kept as q kPa kPa= [ ]38 40,  and 
the lateral pressure coefficient K = [ ]0 35 0 41. , . .
As uncertainty is combined between the surfi-
cial pressure q and the coefficient K we notice fast 
dispersion in the vertical stress S with depth as it 
was illustrated in Figure  7 already, but the effect 
is more pronounced because uncertainty originates 
from both the load and the soil parameter.
5 CONCLUSION
The probabilistic approach from Harr (1977) 
needed only one parameter for characterizing the 
particulate medium. It was shown in (Bourdeau, 
1986) that lateral pressure coefficient can be a 
good estimate of the parameter for vertical stress 
diffusion in a granular soil. We revisited the theory 
from Harr to account for uncertainty in the diffu-
sion parameter D and in the surficial loading. The 
purpose was to show the ability of interval valued 
method to handle uncertainty due to lack of knowl-
edge and data. The finite difference scheme is prac-
tical for this type of equations. The construction of 
